Abstract. Building off of the work of Kervaire and Milnor, and Hill, Hopkins, and Ravenel, Xu and Wang showed that the only odd dimensions n for which S n has a unique differentiable structure are 1, 3, 5, and 61. We show that the only even dimensions below 140 for which S n has a unique differentiable structure are 2, 6, 12, 56, and perhaps 4.
The general belief is that there should be finitely many such n, and these n should be concentrated in relatively low dimensions.
Kervaire and Milnor [KM63] , [Mil11] showed that there is an isomorphism Θ 4k ∼ = coker J 4k
and there are exact sequences
Here Θ bp n is the subgroup of those homotopy spheres which bound a parallelizable manifold, coker J is the cokernel of the J homomorphism J : π n SO → π s n , and Φ K is the Kervaire invariant.
Kervaire and Milnor showed that Θ bp 4k+3 is non-trivial for k ≥ 1. The work of Hill-Hopkins-Ravenel [HHR16] implies that Φ K is non-trivial only in dimensions 2, 6, 14, 30, 62, and perhaps 126. This implies that Θ bp 4k+1 is non-trivial, except in dimensions 1, 5, 13, 29, 61, and perhaps 125. In dimensions 13 and 29, well established computations of π s * show coker J is non-trivial. With extraordinary effort, Wang and Xu recently showed π s 61 = 0 [WX17] . They also observe that coker J 125 = 0 by producing an explicit element whose non-triviality is detected by tmf, the spectrum of topological modular forms. This concludes the analysis of odd dimensions.
The case of even dimensions, by the Kervaire-Milnor exact sequence, boils down to the question: for which k does coker J 2k have a non-trivial element of Kervaire invariant 0?
Over the years we have amassed a fairly detailed knowledge of the stable stems in low degrees using the Adams and Adams-Novikov spectral sequences. We refer the reader to [Rav86] for a good summary of the state of knowledge at odd primes, and [Isa14] , [Isa16] for a detailed account of the current state of affairs at the prime 2. In particular, we have a complete understanding of π s n in a range extending somewhat beyond n = 60. However, we do not need to completely compute π s n to simply deduce coker J n has a non-zero element of Kervaire invariant 0 -it suffices to produce such a single non-trivial element. There are two mechanisms which we explore to do this: authors also benefited from comments and corrections from Achim Krause and Larry Taylor.
The image of J and Browder's theorem
The only non-trivial even dimensional homotopy groups of SO are π 8k SO = Z/2, and the J homomorphism is non-trivial in these degrees. The images of these elements have ASS names im J 8k = Z/2{h 3 h 1 }, k = 1, Z/2{P k c 0 }, k > 1.
We are interested only in elements of coker J which have Kervaire invariant 0. The following theorem of Browder is essential [Bro69] .
Theorem 2.1 (Browder) . x ∈ π s * has Φ K (x) = 1 if and only if it is detected in the ASS by h 2 j .
For primes p > 2, the v 1 -periodic stable homotopy groups of spheres coincide with the image of J, and thus do not contribute to coker J. However, at p = 2 the v 1 -periodic localization of coker J is generated by the following elements Thus we are left to consider dimensions congruent to −2 mod 8, and dimensions congruent to 0 mod 4. The only such classes which can contribute to coker J in these dimensions must be v n -periodic for n ≥ 2.
3. Tabulation of some non-trivial elements in Coker J Tables 1 (respectively 2) list non-zero elements in (coker J 4k ) (p) (respectively nonzero elements in (coker J 8k−2 ) (p) with Kervaire invariant 0). A 0 entry indicates the group is known to be zero.
As the discussion in the last section indicates, a primary source of these non-zero elements are the v 2 -periodic elements. In fact, all of the 3 and 5-primary elements in Tables 1 and 2 are v 2 -periodic (in fact, 144-periodic for p = 3 [BP04] and 48-periodic for p = 5 [Smi70] ). For p = 2, the classes in boldface are known (or tentatively known) to be 192-periodic, and (with the exception of κ 2κ andκ 6 ) are detected by tmf via its Hurewicz homomorphism. (For a discussion of some of these cases, in various degrees of rigor, the reader is referred to the manuscript "From Table 1 . Some non-trivial elements of (coker J 4k ) (p) in low degrees. elliptic curves to homotopy theory" by the last two authors, in [DFHH14, Part II] -the authors hope to return to this subject in a later paper.) Thus, while we are emphasizing the low dimensional aspects of the subject, in fact the v 2 -periodic classes are giving exotic spheres in infinitely many dimensions, of certain congruence classes mod 192, 144, and 48. All in all, in our range, over half of the candidates are coming from v 2 -periodic classes.
In dimensions less than 60 for p = 2, less than 104 for p = 3, and in all dimensions depicted for p = 5, these non-trivial elements can be found in [Isa14] , [Isa14] Table 2 . Some non-trivial elements of (coker J 8k−2 ) (p) with Kervaire invariant 0 in low degrees. [Rav86] . Note that Kochman-Mahowald [KM95] has errors, and in particular incorrectly states that coker J 56 = 0. The first author believes the computations of (π s * ) (3) in [Rav86] has errors in the range 104-108. The computation (π s * ) (3) in the range up to 103 was first independently done by Nakamura [Nak75] and Tangora [Tan75] , and the answers agree.
Note that for any prime p > 2, the first non-trivial element of (coker J * ) (p) is β 1 (see, for instance, [Rav86] ), which lies in dimension 2(p 2 − 1) − 2(p − 1) − 2. The only prime greater than 5 for which this dimension is less than 200 is p = 7, for which |β 1 | = 82, and this is the only nontrivial 7-torsion in coker J in our range. This adds nothing to the discussion as 82 ≡ 2 mod 8.
The 2-primary elements with names v 16 2 x for various x will be constructed later in this paper using the tmf-resolution -indeed that is the goal of all of the subsequent sections of this paper. These classes are all non-trivial because they are detected in the tmf-Hurewicz homomorphism. In all fairness, in each of these dimensions except for dimension 118, we could have manually constructed non-trivial classes using certain products and Toda brackets involving θ 5 . However, as we do not know another means of producing a class in dimension 118, we would still have to use the tmf-resolution technique to handle that dimension. We also have a preference for the classes we construct, as we believe/know they are 192-periodic, and hence they actually account for an entire congruence class mod 192 of dimensions.
Below, we explain the origin and non-triviality of the remaining 2-primary elements in the tables. Note that in our range the E 2 -term of the 2-primary ASS can be computed using software developed by Bruner [Bru93] , [Bru] . Showingκ 6 is non-zero is slightly tricky, since its image in π * tmf is actually zero. However, let F (3) be the fiber
for the maps f and q of [MR09, Sec. 5]. Since q and f are E ∞ -ring maps, F (3) is an E ∞ ring spectrum, and in particular has a unit.
Proposition 3.1. The image ofκ 6 under the map
is non-zero. In particular,κ 6 is non-zero in π s * .
Proof. Intuitively, this is true because in the ANSS for tmf, there is a differential To make this idea rigorous, we note that the elementκ ∈ π s 20 factors over the 18-cell of the generalized Moore spectrum M (8, v 8 1 ), hence so doesκ 5 -we let
) denote the images of this lift in F (3) and TMF-homology, respectively. We can use the computations of tmf * M (8, v 8 1 ) in Section 6 to identify the term in the MASS which detectsκ 5 [18] TMF , and we find that the product Applying the geometric boundary theorem [Beh12, Lem. A.4.1] to the fiber sequence of resolutions of F (3)
) is computed by the usual formula for a connecting homomorphism: applying q − f to the lift (3.3), divide the result by v 8 1 , and then take the image in F (3). Applying q − f to (3.3) gives
) is detected by (3.4). Projecting to the top cell of M (8), we deduce that the image ofκ 6 in π * F (3) is detected by
This class can be seen to be non-zero in π * F (3), by again appealing to [MR09, Prop. 8.1].
Remark 3.5. Since the map S → F (3) factors through the spectrum Q(3) of [MR09] , [BO16] , the elementκ 6 is also detected in Q(3).
Dimension 126 is handled by the following theorem, communicated to us by Isaksen and Xu.
Theorem 3.6 (Isaksen-Xu). There exists a non-trivial element of coker J in dimension 126 of Kervaire invariant 0.
Proof. Suppose that θ 5 η 6 ∈ π s 126 is non-trivial. Then we are done. Suppose however that θ 5 η 6 = 0. Consider the class X 2 + C in Ext
. A detailed analysis of the 2-primary stable stems of Isaksen-Wang-Xu reveals that this class is a permanent cycle, and detects an element of order 2 in π s 63 . (We caution the reader that this analysis is not written down carefully at this time.) Thus the Toda bracket
exists, and is detected by h 6 (X 2 + C ) in the ASS. We would be done if we could show that this class is not the target of an Adams differential. There are only two classes which could support such a differential:
Since h 2 x 6,99 = 0 and h 2 (X 2 + C ) = 0 in Ext, there cannot be a differential
If our assumption on θ 5 η 6 holds, the class h 2 6 h 1 would detect the Toda bracket 2, θ 5 , η 6 and hence be a permanent cycle.
The strategy for the remaining elements
For the remainder of this paper we will be working 2-locally. Let M (2 i , v
on the mod 2 i Moore spectrum (provided such a self map exists). In [BHHM08] , the authors used the tmf-resolution to show the element Our strategy will be to apply this kind of technique to lift elements from π * tmf to π s * . Namely, given a v 1 -torsion element x ∈ tmf * , we will lift it to
so that the projection to the top cell maps x to x. We will then show, using the tmf-resolution, that x lifts to an element
given by projecting y to the top cell is an element whose image under the tmfHurewicz homomorphism is x.
The first major observation is the following. Proof. This is equivalently stated as asserting that every c 4 -torsion class in π * tmf is c 2 4 -torsion and 8-torsion. Using the fact that c 2 4 has Adams filtration 8, this is easily checked from the Adams E ∞ page for tmf (see, for instance, [DFHH14, pp.
196-7]).
We therefore apply the strategy above to lift v 1 -torsion elements in π * tmf to the top cell of M (8, v The algebraic tmf-resolution. The E 2 -page of the MASS for M (8, v 8 1 ) will be analyzed using an algebraic tmf-resolution (as in [BHHM08, Sec. 5]). Namely, for any object M of the derived category of A * -comodules, we apply Ext A * (−) to the following diagram in the derived category:
where A//A(2) * is the cokernel of the unit
This results in the algebraic tmf-resolution Proof. We duplicate the argument given in [Mah78] 
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We will use the MASS (4.4) Ext
We shall say a cell Σ t F 2 [−s] in the derived category of A * -comodules has bidgeree (t−s, s). In the derived category of A * -comodules, H(8, v Here and throughout this proof, we use x[0] (respectively x[1]) to denote a class in Ext A * (H(8)) corresponding to x ∈ Ext A * (F 2 ) supported on the 0-cell (respectively 1-cell) of H(8). We must show that
The only other possibility is that v 
bo-Brown-Gitler comodules
The analysis of the E 1 -page of the algebraic tmf-resolution is simplified via the decomposition of A(2) * -comodules
Here bo i is the ith bo-Brown-Gitler comodule (denoted N 1 (i) in [BHHM08] ) -it is the homology of the ith bo-Brown-Gitler spectrum.
2
We therefore have a decomposition of the E 1 -page of the algebraic tmf-resolution for M given by
For any M , the computation of
2 For a more detailed discussion of bo-Brown-Gitler spectra, and their relationship to the (topological) tmf-resolution, we refer the reader to [BOSS15] .
can be inductively determined from Ext A(2) * (bo ⊗k 1 ⊗ M ) by means of a set of exact sequences of A(2) * -comodules which relate the bo i 's [BHHM08, Sec. 7] (see also [BOSS15] ):
Here, tmf j is the jth tmf-Brown-Gitler comodule.
Remark 5.4. Technically speaking, as is addressed in [BHHM08] , the comodules A(2)//A(1) * ⊗ tmf j−1 in the above exact sequences have to be given a slightly different A(2) * -comodule structure from the standard one arising from the tensor product. However, this different comodule structure ends up being Ext-isomorphic to the standard one. As we are only interested in Ext groups, the reader can safely ignore this subtlety.
Thus there are spectral sequences
These spectral sequences have been observed to collapse in low degrees (see [BOSS15] ) but in general it seems possible they might not collapse. They inductively build
Define the ith bo-Brown-Gitler polynomial f i (s, t, x) inductively by the formulas (inspired from the exact sequences by ignoring the A(2)//A(1) * terms):
For a multi-index I = (i 1 , . . . , i n ), define
Write
Then inductively the exact sequences give rise to a sequence of spectral sequences (5.5)
The following facts about the polynomials f i (s, t, x) can be easily established by induction.
Lemma 5.6. The lowest line of slope 1/7 which bounds the pattern above is
The result follows. We now turn our attention to the analysis of the MASS for tmf ∧ M (8, v 8 1 ). The groups Ext A * (H(8)) are easily computed using the computation of Ext A(2) * (F 2 ) (see, for example, the chart on p. 194 of [DFHH14] ) using the long exact sequence on Ext induced by the cofiber sequence
The result is displayed in Figure 6 .1. The computation is simplified by the fact that all h 0 -torsion in Ext A(2) * (F 2 ) is h The complete computation of this MASS can be similarly accomplished, but it is not necessary for our purposes. For the most part the differentials are deduced from the maps of spectral sequences induced by the maps
The abutment of the spectral sequence, tmf * M (8) is already easily computed from the long exact sequence associated to the cofiber sequence
and this information can be used to deduce the remaining differentials. For the most part, these remaining differentials are related to hidden ·8 extensions in the ASS for tmf via the geometric boundary theorem [Beh12, Lem. A.4.1].
Example 6.1. The names we use for elements are those indicated in the chart on p.195 of [DFHH14] . We use x[k], for x an element of the ASS for tmf, to denote "x on the k-cell". Via the geometric boundary theorem, the differential
arises from the hidden extension 8 · (c 4 ∆ + q) = 8∆ · (c 4 + ).
Example 6.2. The most subtle differential in this range is Naively, one might expect that differential (6.4) lifts to a differential
but that differential is preceded by (6. Most of the features of these computations can already be seen in the computation of Ext A(2) * (bo 1 ⊗ H(8, v 8 1 )), which is displayed in Figure 7 .1. This computation was performed by taking the computation of Ext A(2) * (bo 1 ) (see, for example, [BHHM08] ) and running the long exact sequences in Ext associated to the cofiber sequences has a unique non-zero element, we shall refer to it as x t−s,s (i 1 , . . . , i n ).
We will now prove the following. Proof of Proposition 7.1. We begin by enumerating the targets of possible differentials supported by these classes in the algebraic tmf-resolution
Here, a d r differential raises n by r. Since the classes in question lie on the n = 0 line, the possible targets of differentials will all lie in terms with n > 0. We begin with the "edge" case where i 1 = i 2 = · · · = i n = 1. An elementary analysis, using the technology of Section 5, shows that the classes lie beyond the vanishing edge of all of the other terms in the algebraic tmf-resolution. We are now in a position to proof our main result. Proof. We analyze the potential targets of Adams differentials supported by these elements x using the algebraic tmf-resolution. We can rule out any possible contributions from Ext A(2) * (H(8, v In each of these two cases, the source is g = h 4 2,1 -torsion, while the target is g-torsion free. The source is checked to be g-torsion by checking there are no terms in higher filtration in the algebraic tmf-resolution which could detect a g-tower supported by the source. The target is checked to be g-torsion free, as the only possible way for a g-tower on the target to be truncated in the algebraic tmf-resolution would be for it to be killed by a g-tower in Ext A(2) * (H(8, v 8 1 )). The only possible g-towers which could do such a killing originate in stems smaller than the stems of the targets in question, and would therefore kill the targets themselves. Some non-trivial elements of (coker J 4k ) (p) . 
The first term to consider is Ext

